The renormalized volume of hyperbolic manifolds is a quantity motivated by the AdS/CFT correspondence of string theory and computed via a certain regularization procedure. The main aim of the present paper is to elucidate the geometrical meaning of this quantity. We propose a new regularization procedure based on surfaces equidistant to a given convex surface ∂N . The renormalized volume computed via this procedure is shown to be equal to what we call the W -volume of the convex region N given by the usual volume of N minus the quarter of the integral of the mean curvature over ∂N . The W -volume satisfies some remarkable properties. First, this quantity is self-dual in the sense explained in the paper. Second, it verifies some simple variational formulas analogous to the classical geometrical Schläfli identities. These variational formulas are invariant under a certain transformation that replaces the data at ∂N by those at infinity of M . We use the variational formulas in terms of the data at infinity to give a simple geometrical proof of results of Takhtajan et al on the Kähler potential on various moduli spaces.
Introduction
The renormalized volume. In this paper we study the so-called renormalized volume of hyperbolic 3-manifolds whose definition is motivated by the AdS/CFT correspondence of string theory [Wit98] . In the context of this correspondence one is interested in computing the gravity action
for an Einstein metric g on d-dimensional manifold M . Here we have set the dimensionful Newton constant typically present in the action (1) to 8πG = 1, and Λ is the cosmological constant, which is assumed to be negative. The quantity R is the curvature scalar, H is the mean curvature of the boundary ∂M , and dv, da are the volume and area forms correspondingly. In the context of AdS/CFT correspondence the manifold M is non-compact with a conformal boundary ∂M . The metric g on M determines the conformal class of the boundary ∂M . One would like to compute S gr as a functional of this conformal class. However, because the manifold M is non-compact the functional S gr [g] diverges. One notices, however, that this divergence is of a special type. Thus, let us introduce a compact sub-manifold N ⊂ M and compute the action S gr [g, N ] (1) inside N . As one sends ∂N towards the infinity of M one can show the divergent part of S gr [g, N ] is given by an integral over ∂N of a local quantity expressible in terms of the first and second fundamental forms of ∂N . This suggests an idea of renormalization in which these divergent quantities are subtracted, after which the limit ∂N → ∂M can be taken. This idea works in any dimension, see [BK99] for the required subtraction procedure.
3-dimensional manifolds. In this paper we are interested in the simplest case of 3-dimensional spaces. The simplifications arising in this case are as follows. First, Einstein equations in 3 dimensions imply the metric g to be of constant curvature. Thus, in our case of a negative cosmological constant we are led to consider constant negative curvature manifolds. In 3 dimensions the radius of curvature l is related to the cosmological constant in a simple way l = 1/ √ −Λ. We shall set the radius of curvature l = 1 in what follows, which in 3 dimensions is equivalent to Λ = −1. Thus, the Riemannian manifolds (M, g) we are going to consider are hyperbolic. As is well known from Bers' work [Ber60] on simultaneous uniformization and from its generalization to arbitrary Kleinian manifolds, the manifolds (M, g) are completely characterized by the conformal structures of all the boundary components of M . We would like to compute the gravity action S gr as a functional of the conformal structure of ∂M . The constant curvature condition gives R = −6. Therefore, the gravity action reduces to
It is now easy to show that the volume V (N ), N ⊂ M diverges as (1/2)A(∂N ), where A(∂N ) is the area of the boundary of N . There is also the so-called logarithmic divergence to be discussed below. The integrated mean curvature diverges as ∂N Hda ∼ 2A(∂N ). Altogether we see that the gravity action functional diverges as A(∂N ). It seems natural, therefore, to introduce a renormalized gravity action given by
This action can then be computed for any compact sub-manifold N ⊂ M . However, because of the logarithmic divergence present in the volume, the limit N → M does not exist. It is this logarithmic divergence that causes all the difficulties that we are now to discuss.
In an even number of dimensions, when a more involved but similar in principle subtraction procedure is used, there is no logarithmic divergence and the limit can indeed be shown to exist and to be independent on how exactly the surfaces ∂N are taken to approach the conformal boundary ∂M . However, when the dimension is odd, as is in the case of interest for us, the limit of (3) does not exist, except in the special situation when all the boundary components are of genus one. In general, the volume of N grows as the logarithm of the area of ∂N times the Euler characteristic of ∂N . As we shall see below, one can subtract this divergence as well, but the resulting renormalized gravity action (or volume) then turns out to depend on the limiting procedure. This is why in odd dimensions the renormalized gravity action fails to be a true invariant of M . It is precisely for this reason that the concept of renormalized volume has not been developed by the geometry community. Indeed, the fact that the volume of a hyperbolic manifold grows as half of the area of its boundary has been known for a very long time and is mentioned, for example, in Thurston's famous notes on the subject. It was also realized however that the limit V (N ) − (1/2)A(∂N ) does not exist. The geometry community instead concentrated on e.g. a canonically defined volume of the convex core of M .
In [Kra00] one of us studied the renormalized volume of Schottky 3-manifolds. It was shown that there is a way to define the limit of the quantity V (N ) − (1/2)A(∂N ) by choosing a foliation of M near its boundary by a family of surfaces S ρ [φ] parameterized by a "Liouville" (real-valued) field on the conformal boundary of M . Once such a family of surfaces is used, the limiting procedure becomes well-defined. Indeed, one takes the quantity V ρ − (1/2)A ρ and subtracts from it 2πρ(g − 1), where g is the genus of the boundary of M . It is then easy to see that the limit exists and defines the renormalized volume V R (M, φ), which in addition to being a function of the conformal structure of ∂M also depends on the Liouville field φ on ∂M . It was moreover shown by an explicit computation that V R (M, φ) is equal to the Liouville action S L (∂M, φ) of Takhtajan and Zograf [TZ01] . To get a "canonical" quantity that depends only on the conformal structure of ∂M one can evaluate V R (M, φ) = S L (∂M, φ) on the canonical Liouville field corresponding to the metric of constant curvature −1 in the conformal class of ∂M . This canonical φ can also be obtained by extremizing the functional V R (M, φ) keeping the area of ∂M as determined by φ fixed. This variational principle leads to the unique canonically defined φ. One gets the "canonical" renormalized volume that depends only on the conformal structure of ∂M . This way of defining the limit can be generalized to an arbitrary Kleinian manifold. This has been done in [TT03] , where the limiting procedure of [Kra00] was also improved in the sense that an invariant family of Epstein surfaces [Eps84] was used for regularization, see also an earlier paper by one of the authors [Kra01] , where the same Epstein family of surfaces was used for regularization, but of the CS formulation of gravity instead. In all cases, the renormalized volume obtained via the limiting procedure was shown to agree with the Liouville action on ∂M . Variation of the renormalized volume = Liouville action under the changes of the conformal structure of ∂M were studied in [TZ01] , [TT03] . It was shown that in all the cases the renormalized volume is equal to the Kähler potential for the Weil-Petersson metric on the moduli space of ∂M . For quasiFuchsian spaces this implies, e.g. the quasi-Fuchsian reciprocity of McMullen [McM00] .
The renormalized volume and equidistant foliations. In the present paper we undertake a further study of the renormalized volume of hyperbolic 3-manifolds. We show that the limiting procedure via which the volume is defined can be somewhat de-mystified by considering for regularization a family of surfaces equidistant to a given one, following an idea already put to use in [KS05] . Thus, the main idea of the present work is to obtain the renormalized volume by taking a convex domain N ⊂ M , and compute the renormalized volume of M with respect to N as
where V (∂N, ∂N ρ ) is the volume between the boundary ∂N of the domain N and the surface ∂N ρ located a distance ρ from ∂N . The quantity A(∂N ρ ) is the area of the surface ∂N ρ , the sum in the last term is taken over all boundary components of M and g i are the genera of these boundary components. The convexity of the domain N ensures that the equidistant surfaces ∂N ρ exist all the way to infinity. This ensures that the limit ρ → ∞ can be taken. Similarly, using the combination (2) and subtracting the area of ∂N ρ , as well as the term linear in ρ, one defines the renormalized gravity action. In both cases the limit exists and can be computed in terms of the volume or the gravity action for N , see below for the corresponding expressions.
The limiting procedure used in [Kra01] , [TT03] is an example of the limiting procedure described above, for the Epstein surfaces [Eps84] are equidistant. Thus, the renormalized volume of references [Kra00] , [TT03] is an example of the renormalized volume (4) where N is a compact domain of M contained inside a particular Epstein surface. However, it is obvious that the renormalized volume (4) is more general as the domain N in (4) can be an arbitrary convex domain. It is also clear that the renormalized volume defined via (4) is "the most general one". Indeed, the only constraint that enters into the definition (4) is that equidistant surfaces are used for regularization. However, this seems to be a necessary requirement to be able to subtract the logarithmic divergence. Thus, there does not seem any other way to define the renormalized volume.
Renormalized volume as the W -volume. Our main results are as follows. First, we show that the renormalized volume (4) is given by
where the sum in the last term is taken over all the boundary components. Here the W-volume is defined as
Thus, the renormalized volume of M with respect to N is, apart from an uninteresting term given by a multiple of the Euler characteristic of the boundary, just the W-volume of the domain N . All our other results concern this W-volume. Note already that W (N ) is not equal to the Hilbert-Einstein functional of N with its usual boundary term, it differs from it in the coefficient of the boundary term.
Variation formula. We prove a formula for the first variation of W under changes of the metric inside N . This formula is a simple consequence of the formula obtained by Igor Rivin and one of us in [RS99] . It reads
Thus, this formula suggest that the W -volume of a domain N is a complicated functional of the shape of this domain, as well as of the manifold M . However, as we shall show, this functional depends on all these data in a very specific way, through a certain combination that we introduce below and refer to as the metric "at infinity".
Self-duality. One of the most interesting properties of the W-volume is that it is self-dual. Thus, we recall that the Einstein-Hilbert functional
for a compact domain N ⊂ H 3 of the hyperbolic space (note a different numerical factor in front of the second term) is nothing but the dual volume. Thus, recall that there is a duality between objects in H 3 and objects in dS 3 , the 2+1 dimensional de Sitter space. Under this duality geodesic planes in H 3 are dual to points in dS 3 , etc. This duality between domains in the two spaces is easiest to visualize for convex polyhedra (see [RH93] ), but the duality works for general domains as well. The fact that (8) is the volume of the dual domain then is a simple consequence of the Schläfli formula, analogous to (7), see the main text below. Thus, we can write:
for the volume of the dual domain. This immediately shows that
Thus, the W -volume is self-dual in that this quantity for N is equal to this quantity for the dual domain * N :
In the main text we shall also verify the self-duality more directly by applying the Legendre transform to W (N ).
The W -volume and the Chern-Simons formulation. An interesting remark is that there is a very simple expression for the W -volume in terms of the so-called Chern-Simons formulation of 2+1 gravity [Wit89] . In this formulation the gravity action in the so-called first order formalism, in which the independent variables are the triads and the spin connection, is shown to be given by the difference of two Chern-Simons actions. This is easily shown for the "bulk" term of the gravity action, while to get the boundary term as in (1) one needs in addition a certain set of boundary terms in terms of the Chern-Simons connections. Remarkably, the combination that plays this role in the W -volume, namely
which is different from the usual Einstein-Hilbert action, is exactly what appears naturally in the Chern-Simons formulation, without the need for any boundary terms. We refer the reader to e.g. [Kra01] for a demonstration of this fact, see formula (3.7) of this reference as well as the related discussion. It would be of interest to understand the relation, if any, between the self-duality of the W -volume and the fact that it has such a simple expression in the Chern-Simons formulation.
Description "from infinity". The other important property of the W-volume is that it can be interpreted as a quantity that depends on the metric "at infinity" only, instead of being a functional of the "shape" of the boundary ∂N of N ⊂ M . To demonstrate this one introduces the first and second fundamental forms I * , II * obtained from those on the surfaces ∂N ρ as ρ → ∞ by a simple rescaling, see the main text. The relation between the data at infinity and those on ∂N are as follows
These relations can be inverted, with the inverse relations looking exactly the same, with starred quantities replaced by non-starred everywhere, see (31) below. We note that the metric I * is in the conformal class of the boundary ∂M , but its precise form of course depends on the convex domain N used.
The new variation formula. The formula (7) can then be re-written in terms of the variations δI * , δII * , the result being
This formula could be compared to a similar one given by Anderson in dimension 4 [And01] . Thus, the variational formula for the W -volume is essentially invariant under the transformation (12). One simple corollary of this formula is that the extremum of the W -volume under variations of the metric I * that keep the area of ∂M as defined by I * fixed occurs for the hyperbolic (i.e. constant negative curvature) I * . As there is always the unique canonical such I * (of given area), the extremal W -volume becomes truly a functional of the conformal structure of the boundary components of M . By considering the second variation, we also prove that this extremum of W is a maximum.
It is important to note that the second fundamental form II * at infinity is completely determined by I * on all the boundary component. This is essentially a consequence of Bers' simultaneous uniformization. We give a direct proof of this fact in the main text. This fact implies that W (N ) is a functional of I * only, a very important property of the renormalized volume. If one wishes, one can obtain a more canonical functional that depends on M only, by taking the metric I * to be the canonical metric of curvature −1 in the conformal class of infinity of M . It is this "extremal" W -volume that is of most interest due to the following.
An important immediate corollary of (13) is the theorem by Takhtajan and Teo [TT03] that the extremal renormalized volume is equal to the Kähler potential on the moduli space of Kleinian manifolds. We refer to the main text for a proof of this. We note that our proof is entirely geometrical and avoids a reasonably complicated cohomology machinery that is necessary in [TT03] . For this reason our proof can be immediately extended even to situations where the methods of [TT03] are inapplicable, such as manifolds with cone singularities. See more remarks on this case below.
Positivity. The (extremal, i.e the one for the hyperbolic I * ) W-volume coincides with a multiple of the potential studied by Teo in [Teo05] . The result of this reference implies that the extremal W-volume is a nonnegative function on the moduli space of manifolds, attaining the zero value only on the Fuchsian manifolds.
Here we obtain a similar result for the W -volume of the convex core C M of M , see section 4. These positivity results for the W -volume of two different convex domains in M lead us to suggest that the W -volume of any convex domain might be positive. We do not attempt to answer this question in the present work leaving it for future research.
Manifolds with particles and the Teichmüller theory of surfaces with cone singularities. One key feature of the arguments presented in this work is that they are always local, in the sense that they depend on local quantities defined on the boundaries of compact subsets of quasi-Fuchsian manifolds. Thus, we make only a very limited use of the fact that the quasi-Fuchsian manifolds are actually quotients of hyperbolic 3-space by a group of isometries. One place where this is used is in Section 8 that obtains some necessary results on the variations δI * , δII * . The other place where the quotient construction is used is in the proof of the fact that II * is determined by I * . The last fact is actually geometrical in nature and can be shown to hold in a much more general setting. Thus, we expect that all the results should extend from quasi-Fuchsian (more generally Kleinian) manifolds to the "quasi-Fuchsian manifolds with particles" which were studied e.g. in [KS05, MS06] . Those are actually cone-manifolds, with cone singularities along infinite lines running from one connected component of the boundary at infinity to the other, along which the cone angle is less than π.
One problem towards such an extension is that although in (non-singular) quasi-Fuchsian setting the Bers double uniformization theorem shows that everything is determined by the conformal structure at infinity, there is as yet no such result in the corresponding case "with particles". It appears likely, however, that such a statements holds for "quasi-Fuchsian manifolds with particles"; a first step towards it is made in [MS06] , while the second step is one of the objects of a work in progress between the second author and C. Lecuire.
The result of [MS06] could actually already be used -even without a global Bers type theorem for hyperbolic manifolds with particles -to obtain results on the Teichmüller-type space of hyperbolic metrics with n cone singularities of prescribed angles on a closed surface of genus g. Note that this space, which can be denoted by
n ) is topologically the same as the "usual" Teichmüller space T g,n of hyperbolic metrics with n cusps (with a one-to-one correspondence from [Tro91] ) but it has a natural "WeilPetersson" metric which is different. It might follow from the considerations made here, extended to quasiFuchsian manifolds with particles, that this "Weil-Petersson" metric is still Kähler, with the renormalized volume playing the role of a Kähler potential. A global Bers-type theorem would not be necessary for this because, given any hyperbolic metric h ∈ T g,n,θ on a surface Σ, we can consider the "Fuchsian" hyperbolic manifold with particles defined as the warped product
Clearly the conformal structure at infinity on both connected components of the boundary at infinity of M are given by h. Moreover it follows from [MS06] that if h − := h and h + is in a small neighborhood U ⊂ T g,n,θ of h then there exists a unique quasi-Fuchsian manifold with particles, close to M , with conformal structures at infinity given by h − and h + . The arguments developed here (extended to this singular context) should show that the renormalized volume is a Kähler potential for the natural Weil-Petersson metric on T g,n,θ restricted to U . We leave such an extension to quasi-Fuchsian cone manifolds to future work.
Preliminaries
In this section we collect various background materials useful further on in the paper.
Extrinsic invariants of surfaces in H 3 . Let S be a smooth surface in H 3 . Its Weingarten (or shape) operator is a bundle morphism B : T S → T S defined by:
where N is the unit normal vector field to S and ∇ is the Levi-Cività connection of H 3 . B is then self-adjoint with respect to the induced metric on S, which we call I here. The second fundamental form of S is then defined by:
II(x, y) := I(Bx, y) = I(x, By) , for any two vectors x and y tangent to S at the same point. The third fundamental form of S is defined as:
III(x, y) := I(Bx, By) .
When B has no zero eigenvalue, III is a Riemannian metric on S.
The Gauss and Codazzi equations. The Weingarten operator satisfies two equations on S, the Codazzi equation:
and the Gauss equation:
where K is the curvature of the induced metric I on S. det(B) is called the extrinsic curvature of S, denoted by K e . The Gauss and Codazzi equation are the only relations satisfied by the first and second fundamental forms of a surface. This can be expressed in a mildly complicated way as the "fundamental theorem of surface theory" stated below. Here and elsewhere we use a fairly natural convention: given two bilinear symmetric forms g and h on S, with g positive definite, we denote by g −1 h the unique bundle morphism b : T S → T S, self-adjoint for g, such that h(x, y) = g(bx, y) for any two vectors x, y tangent to S at the same point. For instance, I
−1 II = B by definition. 
where K g is the Gauss curvature of g, then there exists a unique embedding of S into the hyperbolic space H 3 such that g, h are the induced metric and second fundamental forms of S respectively.
Lemma 2.2. Let S be a surface in H 3 , with bounded principal curvatures, and let I, B be the first fundamental form and the shape operator of S correspondingly. Let S ρ be the surface at distance ρ from S ρ . Then, for sufficiently small ρ the induced metric on S ρ is:
Here E is the identity operator.
Note that this lemma also holds for a surface S in any hyperbolic 3-manifold M , not necessarily H 3 . We also note that when the surface S is convex, then the expression (16) gives the induced metric on any surface ρ > 0, where ρ increases in the convex direction. A proof of this lemma, and of the the two corollaries which follow, can be found in [KS05] .
Corollary 2.3. The area of the surfaces S ρ is given by:
Corollary 2.4. The integrated mean curvature of S ρ is given by:
3 The new volume
Definition. We define the W -volume of a compact hyperbolic manifold with boundary as follows.
Definition 3.1. Let M be a hyperbolic 3-manifold, and N be a compact subset of M with boundary ∂N . Then:
where V (N ) is the volume of N , l is the radius of curvature of the space, H is the mean curvature of the boundary, and da is the area element of the metric induced on ∂N .
Note that the volume defined above does not coincide with the usual Einstein-Hilbert action:
evaluated on a metric of constant curvature. Indeed, for such a metric R − 2Λ = 4Λ. Thus, defining the radius of curvature as Λ = −1/l 2 we have:
which is different from (20). We will set the radius of curvature l to one in what follows.
The following property of W (N ) is obvious:
is a disjoint union of connected components of the boundary of both N 1 and N 2 then:
Proof. This is obvious when N 1 , N 2 do not share any boundary components. For N 1 , N 2 such that a part of their respective boundaries is shared the additivity follows from the fact that the mean curvatures of that boundary component have the opposite sign as viewed from N 1 and N 2 .
We note that the on-shell Einstein-Hilbert action (21) is also additive. Thus, at this stage there is no reason to prefer (20) to (21). However, as we shall see in the next section, it is the quantity (20) that behaves much more regularly for non-compact hyperbolic manifolds as well as for compact ones. Also, as we shall presently see, it is the W -volume that is the self-dual one.
Self-duality. Here we prove self-duality of the new W -volume by considering its Legendre transform. We will need to use the variation formula (7) given in the introduction. An immediate consequence of this formula is that the variation of the W (N ) under the condition that the "conjugate" momentum
is fixed is given by
The quantity (22) is exactly the unique combination of I, II such that when it is kept fixed the variation of W (N ) produces exactly π. The dual W-volume can now be obtained by a Legendre transform:
We see that, because π is traceless, the W -volume is self-dual: * W (N ) = W (N ). Note that a similar argument applied to the usual volume V (N ) of a domain N shows that its Legendre transform is given by the EinsteinHilbert functional I EH (N ). This demonstrates the fact that the Einstein-Hilbert functional is the dual volume I EH (N ) = * V (N ) to which we referred to in the introduction. We have so far discussed the duality only in the context of a compact domain N ⊂ H 3 . The duality is, however, more general and holds also for domains in more general hyperbolic 3-manifolds. Note, however, that in this more general context one has to be careful about the geometrical meaning of the dual volume. Indeed, the 3-manifold dual to M is modeled on dS 3 spacetime, and typically has two disconnected components, each having an internal boundary -surface dual to the boundary of the convex core in M . Given a convex domain N that contains the convex core C M one can meaningfully talk about the dual domain in dS 3 as being a domain in the dual manifold located between the surfaces dual to ∂N and the internal boundary of * M . This discussion serves as a good introduction to the following section in which we discuss precisely those more general hyperbolic 3-manifolds for which the notion of the W -volume is of interest.
Convex co-compact hyperbolic manifolds
Definitions and first properties. We first need to define convex co-compact hyperbolic manifolds. Note that the condition on N is equivalent to the fact that N is strongly convex in the sense that any geodesic segment in M with endpoints in N is actually contained in N .
Simple examples of convex co-compact manifolds are: Schottky manifolds, each having one hyperbolic end; quasi-Fuchsian manifolds with two hyperbolic ends.
The new volume W (N ) is especially interesting because it is (almost) defined not only for compact subsets N as in the above definition, but also for the hyperbolic ends. The following computation is central to motivate the definition that follows. 
where g is the genus of S.
Proof. We have:
so that:
Now the W -volume is given by:
The formula (25) follows by combining (26) with (19).
The 
The sum is taken over the boundary components.
Proof. Consider one of the hyperbolic ends. Let S be the corresponding boundary component of ∂N . The area (17) of S ρ can be rewritten as:
Subtracting half of this from (26) we get:
The result now follows by taking the limit ρ → ∞ and adding the terms corresponding to all the different ends.
Thus, the result (27) shows that the renormalized volume relative to a strongly convex subset N is basically the volume (20) we have defined, apart from a constant term proportional to the Euler characteristic of ∂N . However, as it is clear from the proof, the two quantities agree only after the limit is taken. For a finite ρ the renormalized volume is a complicated functional, and it is only in the limit that a simplification occurs. The volume (20) we have defined is in contrast simple even for a finite ρ, as well as for any compact domain N . One could try to define an analog of the renormalized volume for a general subset N ⊂ M by taking the volume minus half of the area of ∂N . This functional however fails to be additive and is thus of a very limited interest, apart from the limiting case when the surface ∂N is sent to infinity. All this makes it clear that the functional W (N ) is much more natural to consider than the one that plays a role in the definition of the renormalized volume.
Having motivated and defined the W -volume, the natural question to ask is what this quantity depends on. From its definition one may expect that it depends on the shape of the convex subset N in M in a complicated way. However, as we shall see, this dependence is actually rather simple in that the W -volume is just a certain functional of the so-called "asymptotic" metric constructed using the fundamental forms of the boundary of N . We deal with this in the next section. However, before we study this question, let us demonstrate certain positivity properties of the W -volume.
Positivity estimates on W . We note that some of the quantities considered here are always positive on the convex core of a quasi-Fuchsian hyperbolic manifold. We actually prove this here under a technical hypothesis which is conjecturally always satisfied.
Lemma 4.6. Let M be a quasi-Fuchsian manifold, and let C M be its convex core. Suppose that C M is the Gromov-Hausdorff limit of a sequence of convex cores of hyperbolic manifolds with bending laminations along closed curves. Then I EH (C M ) ≥ 0, with equality exactly when M is Fuchsian.
A short explanation on the hypothesis is needed. Given M , let λ be the measured bending lamination on the boundary of its convex core. It is known (see [BO04, Lec02] ) that λ is the limit of the measured bending laminations of a sequence of quasi-Fuchsian manifolds M n for which the convex core converge, in the Gromov-Hausdorff distance, to the convex core of a quasi-Fuchsian manifold M ′ , and that the measured bending lamination on the boundary of the convex core of M ′ is λ. According to a conjecture of Thurston, this last point should imply that M ′ = M , and then the hypothesis made in the lemma would be useless.
Proof. We consider in the proof that M is not Fuchsian, since in that case it is quite obvious that I EH (C M ) = 0. Suppose first that the bending lamination of C M is along disjoint closed curves. Let l i and λ i be the lengths and bending angles at those closed curves. It is then known [BO04] that there exists a one-parameter family of quasi-Fuchsian manifolds, M t , 0 ≤ t ≤ 1, with M 0 Fuchsian, M 1 = M , and such that, for all t ∈ [0, 1], the bending lamination of the convex core of M t is t times the measured bending lamination of the convex core of M . In other terms, the bending angle of the curve i on the boundary of the convex core of M t is tλ i . Let l i (t) be the length of this curve. Now a simple computation using the Schläfli formula shows that:
However Choi and Series [CS05] have recently proved that, in this context, the matrix of the differential of the lengths with respects to the angles is negative definite. Since the θ i (t) = tλ i here, it follows that:
and therefore I EH (C Mt ) is a strictly increasing function of t. Since it vanishes for t = 0, it follows that
If the bending lamination of M is general -i.e., it is not supported on closed curves -the result can be obtained, thanks to the technical hypothesis in the lemma, by approximating M by quasi-Fuchsian manifolds for which the bending lamination of the boundary of the convex core is along closed curves. Proof. This immediately follows from the previous lemma since
These results should be compared to a recent result by Teo [Teo05] that shows that the W -volume extremized in a certain way, to be explained below, is positive. This other extremized volume is simply a volume of a different convex domain in M . Taken together, these results suggest that the W -volume of any convex domain N might be positive. We will not attempt to prove this statement in the present work.
Description "from infinity"
The metric at infinity. 
Proof. The Levi-Civita connection of I * is given, in terms of the Levi-Civita connection ∇ of I, by:
This follows from checking the 3 points in the definition of the Levi-Civita connection of a metric:
• ∇ * is a connection.
• ∇ * is compatible with I * .
• it is torsion-free (this follows from the fact that E + B verifies the Codazzi equation: (∇ x (E + B))y = (∇ y (E + B))x).
Let (e 1 , e 2 ) be an orthonormal moving frame on S for I, and let β be its connection 1-form, i.e.:
∇ x e 1 = β(x)e 2 , ∇ x e 2 = −β(x)e 1 .
Then the curvature of I is defined as: dβ = −Kda. Now let (e * 1 , e *
) := ((E + B)
−1 e 1 , (E + B) −1 e 2 ); clearly it is an orthonormal moving frame for I * . Moreover the expression of ∇ * above shows that its connection 1-form is also β. It follows that Kda = −dβ = K * da * , so that:
We note that the metric I * is defined for any surface S ⊂ M . However, it might have singularities (even when the surface S is smooth) unless S is horospherically convex, i.e., remains on the concave side of the tangent horosphere at each point. If S is a horospherically convex surface S embedded in a hyperbolic end of M then the metric I * is guaranteed to be the asymptotic metric on the conformal boundary of M . For a general surface S the "asymptotic" metric has nothing to do with the conformal infinity, and in particular, does not have to be in the conformal class of the boundary.
W -volume as a functional of I * . We claim that the W -volume of a convex co-compact manifold M relative to a convex subset N is a functional of only the metric I * that is built using the fundamental forms of the boundary ∂N . This claim can be substantiated in several ways. One way is to refer to the results about the renormalized volume. It is known from [Kra00] , [TT03] that the renormalized volume of M is given by the so-called Liouville functional for the asymptotic metric I * . To prove this result one uses an explicit foliation of the covering space H 3 by certain equidistant surfaces. The easy part of the computation is then to identify the "bulk" part of the Liouville action. The hard part is to show that all the boundary terms that arise are exactly the boundary of the fundamental domain terms necessary to define the Liouville action. As we have said, this computation is done in the covering space and is not particularly illuminating as far as the geometry of the problem is concerned. In this paper we would like to give a more geometric perspective. We demonstrate the above assertion by proving an explicit variational formula for W (N ) in terms of I * . However, before we do this, we would like to introduce some other quantities defined "at infinity".
Second fundamental form at infinity. We have already defined the metric "at infinity". Let us now add to this a definition of what can be called the second fundamental form at infinity. Definition 5.3. Given a surface S with the first and second fundamental forms I, II, we define the first and second fundamental forms "at infinity" as:
It is then natural to define:
and
Note that, for a surface which has principal curvatures strictly bounded between −1 and 1, III * is also a smooth metric and its conformal class correspond to that on the other component of the boundary at infinity. This is a simple consequence of the Lemma 2.2 and the fact that when the principal curvatures are strictly bounded between −1, 1 the foliation by surfaces equidistant to S extends all the way through the manifold M . Such manifolds were called almost-Fuchsian in our work [KS05] .
As before, those definitions make sense for any surface, but it is only for a convex surface that the fundamental forms so introduced are guaranteed to have something to do with the actual conformal infinity of the space.
Inverse transformations. The transformation I, II → I * , II * is invertible. The inverse is given explicitly by:
Lemma 5.4. Given I * , II * the fundamental forms I, II such that (30) holds are obtained as:
Having an expression for the fundamental forms of a surface in terms of the one at infinity one can re-write the metric of Lemma 2.2 induced on surfaces equidistant to S in terms of I * , II * .
Lemma 5.5. The metric (16) induced on the surfaces equidistant to S can be re-written in terms of the fundamental forms "at infinity" as:
where
This lemma shows the significance of II * as being the constant term of the metric. This lemma also shows clearly that when the equidistant foliation extends all the way through M (i.e. when the principal curvatures on S are in (−1, 1) ), the conformal structure at the second boundary component of M is that of III * = II * (I * ) −1 II * . Thus, in this particular case of almost-Fuchsian manifolds, the knowledge of I * on both boundary components of M is equivalent to the knowledge of I * , II * near either component. In other words, II * is determined by I * . This statement is more general and works for manifolds other than almost-Fuchsian.
Fundamental theorem of surface theory "from infinity". Let us now recall that the fundamental theorem of surface theory 2.1 states that given I, II on S there is a unique embedding of S into the hyperbolic space. Then (16) gives an expression for the metric on equidistant surfaces to S, and thus describes a hyperbolic manifold M in which S is embedded, in some neighborhood of S. There is an analogous theorem in which the first (and only the first) form at infinity plays the same role. This can be compared with results in [Sch02] . Remark 5.7. Note that one does not need to specify II * . The first fundamental form I * (but on all the boundary components) is sufficient.
Proof. The surfaces in question can be given explicitly as an embedding of the universal coverS of S into the hyperbolic space. Thus, let (ξ, y), ξ > 0, y ∈ C be the usual upper half-space model coordinates of H 3 . Let us write the metric at infinity as
where φ is the Liouville field covariant under the action of the Kleinian group giving M on S 2 , see Section 8 for more details. The surfaces are given by the following set of maps: Eps ρ : S 2 → H 3 , z → (ξ, y) (here Eps stands for Epstein, who described these surfaces in [Eps84] ):
As is shown by an explicit computation, the metric induced on the surfaces S ρ is given by (32) with
Thus, we see that II * is determined by the conformal factor in (34). Proof. We first note that the map Eps ρ is not always a homeomorphism, and the surfaces S ρ are not necessarily convex, but for sufficiently large ρ both things are true. A condition that guarantees that Eps ρ is a homeomorphism for any ρ is stated above. This condition can be obtained from the requirement that the principal curvatures of surfaces S ρ are in [−1, 1]. Let us consider the surface S := S ρ=0 the first and second fundamental forms of which are given by (31) (this immediately follows from (32)). The shape operator of this surface is then given by B = (E + B * ) −1 (E − B * ). It is then clear that the principal curvatures of S are given by k = (1 − k * )/(1 + k * ), where k * are the "principal curvatures" (eigenvalues) of B * . The latter are easily shown to be given by
It is now easy to see that the condition k 1,2 ∈ (−1, 1) is equivalent to the condition k * 1,2 > 0. This is a necessary and sufficient condition for the foliation by surfaces S ρ to extend throughout M . If this condition is satisfied the map Eps ρ is a homeomorphism for any ρ.
Interestingly, this condition makes sense not only in the quasi-Fuchsian situation but is more general. Thus, for example, it applies to the Schottky manifolds. But for the Schottky manifolds with their single boundary component the foliation by equidistant surfaces S ρ cannot be smooth for arbitrary ρ. It is clear that surfaces must develop singularities for some value of ρ. We therefore get a very interesting corollary:
Corollary 5.10. There is no Liouville field φ on C invariant under a Schottky group such that φ zz is greater than |φ zz − (1/2)φ 6 The Schläfli formula "from infinity"
In this section we obtain a formula for the first variation of the renormalized volume. The computation of this section is a bit technical. Readers not interested in the details are advised to skip this section on the first reading. The result of the computation is given by the formula (67) below.
Schläfli formula. As we have seen in the previous sections, the renormalized volume of a convex co-compact hyperbolic 3-manifold M can be expressed as the W-volume of any convex domain N ⊂ M . The W-volume is equal to the volume of N minus the quarter of the integral of the mean curvature over the boundary of N . Let us consider what happens if one changes the metric in M . As was shown in [RS99] , the following formula for the variation of the volume holds
Here H is the trace of the shape operator B = I −1 II, and the expression < A, B > stands for tr(I −1 AI −1 B). We can use this to get the following expression for the variation of the W-volume:
To get the last equality we have used the obvious equality
The formula (39) can be further modified using
We get
It is this formula that will be our starting point for transformations to express the variation in terms of the data at infinity.
Parameterization by data at infinity. Let us now recall that, given the data I, II on the boundary of N one can introduce the first and second fundamental forms "at infinity" via (30). Conversely, knowing the fundamental forms I * , II * "at infinity" one can recover the fundamental forms on ∂N via (31). Our aim is to rewrite the variation (42) of the W-volume in terms of the variations of the forms I * , II * . To this end, we need to express the variations δI, δII in terms of the variations of I * , II * . We have
for the variation of the first fundamental form and
for the second. The expression (44) can be further simplified by using the shape operator at infinity defined above via:
. Simple algebra gives
Here [., .] is the commutator and {., .} is the anti-commutator. We can now compute the quantities appearing in the formula (42). We have
and < δII, I >= tr(
We will also need an expression for the mean curvature in terms of the data at infinity. It is easy to see that
It is now a matter of patience to substitute these expressions into (42) and simplify the result. To this end, let us note that the variation of I * is of two types: it contains a simple variation of the conformal factor of the metric, as well as a more complicated variation of the conformal structure. It is convenient to separate these two variations. We have:
where δφ is the variation of the conformal factor, and X is the part of the variation that comes from the change of the conformal structure. It is not hard to show that this second part of the variation is traceless tr(X) = 0. Alternatively, one can think of the above decomposition as that into the trace and the traceless part. Similarly, it is convenient to introduce
It is convenient to separate the terms that contain δφ, X, Y . Let us first work out the terms in < δII − (H/2)δI, I > proportional to δφ. We have
It is easy to see that two of the terms here cancel and we get
To simplify this expression we will multiply it by (det(E + B)) 2 and repeatedly use the identity
which, as it is easy to check, holds for 2 × 2 matrices. After some algebra we get
We have to substitute this expression into (42). It is convenient to re-write the integral in (42) using the area form of the metric I * instead. We have the following relation between the area forms:
Thus, finally, we get the part of the variation of the W-volume that comes from varying the conformal factor of the metric I * :
Let us now take care of the terms in < δII − (H/2)δI, I > proportional to X. We have:
The third term here is zero because (E + B * ) −2 commutes with B * , so that
The last term in (57) is zero because X is traceless. What remains can be simplified again by using the formula (53). Multiplying (57) by (det(E + B * )) 2 we get
After some algebra, using the fact that tr(X) = 0, this reduces to
To get to the last expression we have used the formula (53) once more. Thus, the traceless part of (I * ) −1 δI * does not contribute the the variation of W (N ). This fact can be used to rewrite (56) as
It remains to take care of the terms in < δII − (H/2)δI, I > containing Y . These are
This can be simplified by noticing that one can replace the anti-commutator here by twice the product of the matrices. This fact can be easily checked by reducing this term to a sum of terms proportional to tr{B * , Y } and tr(E + B * ){B * , Y }. Thus, we have
To simplify this further we note that
Thus, we have
where to get to the last expression we have used the formula (53). Thus, finally, using (55), the contribution of δII * to the variation of the W-volume can be written as
Finally, combining (61) with (66) we get
This final formula looks very much like the original formula (42), except for the minus sign and the fact that the quantities at infinity are used. The fact that we have got the same variational formula as in terms of the data on ∂N is not too surprising. Indeed, the variational formula (67) was obtained from (42) by applying the transformation (31). As it is clear from (30), this transformation applied twice gives the identity map. In view of this, it is hard to think of any other possibility for the variational formula in terms of δI * , δII * except being given by the same expression (42), apart from maybe with a different sign. This is exactly what we see in (67).
Variation with the area fixed
In this section we use the formula (67) obtained in the previous section to prove one simple corollary. Thus, we show that, when varying the W-volume with the area of the boundary defined by the I * metric kept fixed, the variational principle implies the metric I * to have constant negative curvature. The variations we consider in this section do not change the conformal structure of the metric I * , and thus do not change the manifold M . Geometrically they correspond to small movements of the surface ∂N inside the fixed manifold M .
As we will show later, for such variations the following equalities hold < δI * , I * >= 2δφ,
The first of these is almost obvious, the second follows from the fact that the expression under the integral is a Laplacian of δφ. We will prove both of these equalities in the next section, when we describe the first and second fundamental forms at infinity in more details, using complex analysis methods.
First variation. Let us consider the following functional
appropriate for finding an extremum of the W-volume with the area computed using the metric I * kept fixed. The first variation of this functional gives
where we have used the fact that
Using the equalities (68) we get
In order for this to be true for any δφ we must have: H * = λ. It is easy to see that this is exactly the condition saying that the curvature of the metric I * is constant. Indeed, it is easy to verify that the Gauss equation on ∂N becomes the equation K * = H * in terms of the data I * , II * . This proves the assertion.
Second variation. In this paragraph we would like to verify whether the extremum found above is maximum or minimum. It is easy to compute the formula for the second variation. We do it in full generality, and then specialize to variations corresponding to movements of ∂N . Varying the expression (67) the second time and using the equalities (71) and
we get
Let us now use this to find the second variation of the functional (69) considered above. For the second variation of the area we have
Combining this with the second variation of W-volume, and using the fact that H * = λ at the extremum of the functional F (N ), we see that the second variation at the extremum is given by
In the next section we will show that this functional is strictly negative, thus showing that the extremum of the functional F (N ) is a maximum.
Complex analytic treatment
In this section we introduce a complex analytic language for the metric I * and the second fundamental form II * at infinity. This language is extremely useful for doing explicit computations. All our conventions and notations in this section are those of [TT03] , and the reader is referred to this reference for more details. We will now assume, for concreteness, that our manifold M is quasi-Fuchsian. It is easy, however, to generalize our discuss to a more general Kleinian manifold. To this end one simply has to consider a general Kleinian group with more than two disconnected components of the domain of discontinuity. It might also be possible to extend the considerations here to quasi-Fuchsian manifolds with "particles", as mentioned in the introduction. Let Γ ⊂ PSL(2, C) be a quasi-Fuchsian group uniformizing the manifold M . This group acts on the boundary of H 3 by conformal transformations. The domain of discontinuity of this action has exactly two components Ω 1,2 . The hyperbolic manifold M is obtained as the quotient H 3 /Γ, and its conformal boundary has two components each being ∂M 1,2 = Ω 1,2 /Γ. A metric I * on ∂M can be written as
where dz is the usual complex coordinate on C, and φ(z,z) is a real valued "Liouville" field that under the action of transformations from Γ transforms as φ(γz, γz) = φ(z,z) − log |γ
These transformation properties ensure that (77) is invariant under Γ and thus descends to two metrics on ∂M 1,2 . The Liouville field has to satisfy the Liouville equation
for the metrics I * 1,2 to be hyperbolic. According to Bers simultaneous uniformization, given two conformal classes [I * 1,2 ] of metrics, there is a unique quasi-Fuchsian hyperbolic 3-manifold such that the conformal structures at infinity are [I * 1,2 ]. The second fundamental form II * 1,2 at two boundary components is therefore determined by the first fundamental form I * 1,2 , or, by the Liouville field φ. Explicitly, Variational formulas: no change of complex structure. Let us find an expression for the variations of first and second fundamental forms corresponding to variations of the conformal factor only. In other words, only the Liouville field changes φ → φ + δφ. It is easy to see that δI * = δφI * . The variation of the second fundamental for is more complicated and is given by δII * = 1 2 δθ(φ)dz 2 + δθ(φ)dz 2 + δφ zz dzdz,
For purposes of the formulas (68) and (76) we only need the trace part of δII * , which is given by:
< δII * , I * >= 2e −φ δφ zz .
It is now clear that the integral of this quantity over the whole surface vanishes. Indeed,
∂N
< δII * , I * > da * = 1 2 ∂M1,2 ∆ I * δφ da
where ∂M 1,2 are the two compact boundary components of M , and ∆ I * is the Laplacian operator for I * .
Let us now consider the second variation (76). The quantity < δI * , II * > that is necessary in this formula is easily computed and given by 2e −φ φ zz δφ. Thus, we get
where D 1,2 are the fundamental domains for the action of Γ on Ω 1,2 . We have done one integration by parts to get to the final expression. The integration by parts is not hard to justify. Indeed, the term neglected in (85) is 1 2 D1,2 dz ∧ dz 2i ∂ z (δφδφz) = 1 4i ∂D1,2 dzδφδφz = 1 8i ∂D1,2 dz∂z(δφ) 2 = 0.
To arrive to the second expression we have used the Stoke's theorem that states
Here the direction of the contour integration on the right hand side is anti clock-wise, so that the exterior normal to the boundary of D is to the right of the direction of contour integration.
Returning to (85) we see that the second variation is explicitly non-positive, which proves that the extremum of F (N ) is a maximum.
Variational formulas: changing the complex structure. Let us now consider the case of a variation that involves a change in the complex structure. To be able to apply the formula (67) we need to compute the quantities < δII * , I * > and < δI * , I * >. To get these variational formulas we closely follow [TT03] , see this reference for more details.
Define a tensor ω of type (l, m) for Γ to be a function on Ω satisfying
Let µ be a harmonic Beltrami differential for Γ, i.e. a (−1, 1) tensor on Ω satisfying the harmonicity condition ∂ z (ρµ) = 0, where ρ is the hyperbolic metric on Ω. Consider an infinitesimal deformation induced by ǫµ, i.e. a quasi-conformal map f ǫµ : C → C satisfying the Beltrami equation
The new quasi-Fuchsian group Γ ǫµ is obtained by conjugation Γ ǫµ = f ǫµ • Γ • (f ǫµ ) −1 from the group Γ. The new conformal structure on ∂M is that of |dz + ǫµdz| 2 . The variational formulas are obtained by considering the Lie derivatives of various tensors. Thus, let us use the map f ǫµ to pull back a tensor ω ǫ from Ω ǫµ to Ω. This pullback is given by
Let us define the Lie derivatives L µ , Lμ via
Most of variational formulas that are of importance to us can be obtained from the Bers lemma stating that the Lie derivatives of the hyperbolic metric density vanish
or, L µ ρ = Lμρ = 0. In what follows we will only consider the holomorphic Lie derivative ∂/∂ǫ in the direction of a particular Beltrami differential µ. We will denote it by a dot above the letter:
